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Higher order relations in Fedosov supermanifolds 


P.M. LAVROV*and O.V. RADCHENKO t 

Tomsk State Pedagogical University, 
634041 Tomsk, Russia 


Higher order relations existing in normal coordinates between affine extensions of the cur¬ 
vature tensor and basic objects for any Fedosov super manifolds are derived. Representation 
of these relations in general coordinates is discussed. 


1 Introduction 

Fedosov super manifolds are a special kind of super manifolds introduced by Berezin .1 and studied in 
details by DeWitt [ 2 ] • They are introduced as even or odd symplectic supermanifolds endowed with a 
symmetric connection which respects given symplectic structure. In even case they can be considered 
as natural extension of Fedosov manifolds El El in supersymmetric case. In odd case there is no analog 
for them in differential geometry on manifolds. Note that modern Quantum Field Theory involves 
symplectic supermanifolds to formulate quantization procedures. The well-known quantization method 
proposed by Batalin and Vilkovisky 0 is based on geometry of odd symplectic supermanifolds jSJ. 
In turn the deformation quantization |3j can be formulated for any even symplectic super manifolds 
(see 0 El). Simple kind of Fedosov supermanifolds has been already appeared in physical literature. 
Namely, flat even Fedosov supermanifolds have been used to construct coordinate free quantization 
procedure 0 and triplectic quantization method uni iiq in general coordinates m- 

Systematic investigation of basic properties of even and odd Fedosov supermanifolds has been 
started in m and continued in M- In particular, some basic difference in even and odd Fedosov 
super manifolds has been found which can be expressed in terms of the scalar curvature K. Namely, for 
any even Fedosov supermanifold the scalar curvature, as in usual differential geometry, is equal to zero 
while for odd Fedosov supermanifolds it is, in general, non-trivial. Moreover there exist the relations 
between a supersymplectic structure, a connection (Christoffel symbols) and the curvature tensor 
found in m in the lowest (first and second) orders which are defined by orders of affine extension of 
connection on super manifolds. 

The goal of the present paper is to study higher order relations existing among the Christoffel 
symbols, symplectic structure and the curvature tensor and to find a fundamental origin of all these 
relations. 

The paper is organized as follows. In Sect. 2, we give the notion of even (odd) Fedosov super¬ 
manifolds and of even (odd) symplectic curvature tensor. In Sect. 3, we consider affine extensions 
of the Christoffel symbols and tensors on a super manifold. In Sect. 4, we consider relations existing 
among affine extensions of the Christoffel symbols, symplectic structure and the curvarute tensor of 
the first and second orders. In Sect. 5, we study relations of the third order for objects listed in 
Sect. 4. In Sect. 6, we present relations obtained in normal coordinates using general coordinates on 
a super manifold. In Sect. 7 we give a few concluding remarks. 

We use the condensed notation suggested by DeWitt ESI- Derivatives with respect to the co¬ 
ordinates x l are understood as acting from the right and for them the notation A t = d r A/dx l is 
used. Covariant derivatives are understood as acting to the right with the notation Aj = HVj. The 
Grassmann parity of any quantity A is denoted by e{A). 
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2 Fedosov supermanifolds 

Consider an even (odd) symplectic supermanifold, (M, ui) with an even (odd) symplectic structure 
u>, e(co) = 0 (or 1). Let us equip (M,u) with a covariant derivative (connection) V (or T) which 
preserves the symplectic structure uj, wV = 0. In a coordinate basis this requirement reads 

^ij,k — UimX m jk + LO jmX' m ik(~- 1)^ = 0, LOij = — COji(~ 1)^. (1) 

If, in addition, T is symmetric P - k = P fc ■(—l) £fc£ 3 then the triple is defined as a Fedosov 

super manifold. 

The curvature tensor of a symplectic connection with all indices lowered, 


Rimjk — Ui n R m j k — Wi n T m j k + LOin P m f e j{ 1) J + 
p. r n -V-, r n (—~\Yk( e ™+ e i) 

ijnX m k\ -U 1 ikn 1 - m j\ P > 

obeys the following symmetry properties m 

Rijkl = — ( 1) k 1 Rijlki Rijkl = ( 1) J Rjikl- 

In 121 we used the notation 

Fife = ^ivX U jki e (Fjfc) = e(o;) + €i + tj + • 

Using definition of tensor field u P inverse to the symplectic structure uiij 

uj in u nj (~l) ei+e ^ ei+e ^ = Sj, u ij = -oP(-l )^i+«H, 


( 2 ) 

( 3 ) 


one obtains 


, rn 
(“m 1 - jk,l 


= r ijkjl - r inl T n jk (-iy^ +e ^ + r ni iT n jk {-i) ei( - en+£ i +ek '> +en£i 


and, therefore, the following representation for the curvature tensor 




—r ijk,i + Tiji tk (-i) eiek 


p . kT n^ _^) e fc ( e n+€j)+e n ej _ p _ ^ e l( e n-\-^j-\-^k)~^~ e n^i 


The (super) Jacobi identity for R^ki holds 

RiM-iy j£i +R um- i) ei£fe + Rikiji-iy^ = o. 

For any even (odd) symplectic connection there holds the identity T5j 


( 4 ) 

( 5 ) 

( 6 ) 


Rijkl + Ru jk (-iy i(ek+ej+ei) + Rkiij{-l) {ek+ei){ei+ej) + Rjkii(-iy i{ej+ek+ei) = o. (7) 

In the identity 0 the components of the symplectic curvature tensor occur with cyclic permutations 
of all the indices (on R ). However, the pre-factors depending on the Grassmann parities of indices are 
not obtained by cyclic permutation as in case of the Jacobi identity 0 but by permutation of indices 
from given set to initial one. 


3 Affine extensions of tensors on supermanifolds 

In Ref. [Ij the virtues of using normal coordinates for studying the properties of Fedosov manifolds 
was demonstrated. Normal coordinates {y 1 } within a point p £ M can be introduced by using the 
geodesic equations as those local coordinates which satisfy the relations (p corresponds to y = 0) 

Pjfc(y) y k = o, e (Fjfc) = e( w ) + q + ej + e k - 

It follows from 0 and the symmetry properties of Tij k w.r.t. (j k) that 


Fjfc(0) — 0. 


( 8 ) 


In normal coordinates there exist additional relations at p containing the partial derivatives of Tij k . 
Namely, consider the Taylor expansion of T ijk(y) at y = 0, 


r ijk(y) — Y^ n \Aijkji...j„y 


y 


Jl , where An 


■ijkjl—jr 


= A 




» = 


<9IT 


ijk 


n= 1 


dyi 1 ... dy' Jn 


(9) 


y=o 


is called an affine extension of Ty* of order n = 1,2,... . The symmetry properties of Aij k j lmmm j n 
are evident from their definition ©, namely, they are (generalized) symmetric w.r.t. (j fc) as well as 
{ji ■ ■ ■ jn)- The se t °f a ll affine extensions of Ty*. uniquely defines a symmetric connection according 
to © and satisfy an infinite sequence of identities [T3|. In the lowest nontrivial orders they have the 
form 

A jk i + A ijlk {-iy^ + A iklj {-iy^i+^) = o, (io) 


Aijkim + A ijlkm {-iy^ + A ikljm {-\yA*i+^) 

+A ijm kl{-iy m{ei+ek) + A Umjk {-l)(^+^)(e m +ei) + A ikmj i{-\yA^+^)+^ei = q (H) 

and 

Aijklmn + Aiji kmn { — iy kei + Ai k ij mn ( — \yA e l+ e k) 

,, 1 Wm( e i+ e fc) 4 _ A (_■> \(ej+ek)(e m +ei) , a /'_n E j( £ T»+ f J+ f m f l 

i ■ rL ijmkLn\ *-) i ■ rL iLmjkn\ i ■ rL iKmjLn\ *-) 

+4'nWm(-l) £n(£|+£ ‘ +£m) + A iknjlrn {-iy^+e k )+en(e l+ e m ) 

+Au njkrn {-l)^+^)(en+ei)+em e n + A imnjkl {-l)^ +ek+e ^ +e »> = 0. (12) 

Analogously, the affine extensions of an arbitrary tensor T = {T ll "- lk mi _ ) on M are defined as 

tensors on M whose components at p E M in the local coordinates (x 1 ,... ,x 2N ) are given by the 
formula 


rpl\...lk 


— rpll-'-lk 




( 0 ) = 


xnrpn...i k 

^ mi...mi 


dy' Jl ...dyi n 


y =o 


where (y 1 ,..., y 2Ar ) are normal coordinates associated with (x 1 ,..., x 2Ar ) at p. The first extension of 
any tensor coincides with its covariant derivative because T* - fc (0) = 0 in normal coordinates. 

In the following, any relation containing affine extensions are to be understood as holding in a 
neighborhood U of an arbitrary point p € M. Let us also observe the convention that, if a relation 
holds for arbitrary local coordinates, the arguments of the related quantities will be suppressed. The 
order of relations is defined by the order of affine extension of T l]k entering in the relations. 


4 First and second order relations 

For a given Fedosov supernranifold (M, cj, T), symmetric connection T respects the symplectic structure 

uj [HI: 

Wij,k = Fife -Ijid-l) 6 ^'- (13) 

Therefore, among the affine extensions of and T\j k there must exist some relations. Introducing 
the affine extensions of in the normal coordinates (y 1 ,..., y 2N ) at p € M according to 

OO ^ 

“ij{y) = Y v Jn ■■■y n ’ 

n = o n - 

using the symmetry properties of Wij,j 1 ...j n ( 0) and the fact 0Jij jk { 0) = 0 one easily obtains the Taylor 
expansion for 

OO ^ 

uij,k(y) = Y zT w ii.fcii...j»(°) y u • ■ ■ y n - 

n=l 


( 14 ) 






Taking into account m and comparing © and © we obtain 

u} ij,kj 1 ...j n (0) = Aijkj 1 ...j„ ~~ Ajikj 1 ...j n (—1) 1 (15) 

in particular, 

Wij t ki{0) = Aijki — Ajiki(— l) e,£3 . (16) 

Now, consider the curvature tensor Rijki in the normal coordinates at p € M. Then, due to 
Tijkip) = 0, we obtain the following representation of the curvature tensor in terms of the affine 
extensions of T ^ 


RiM 0) = -A ijkl + A ijlk (-iy^. (17) 

From © and © a relation containing the curvature tensor and the first affine extension of T can 
be derived. Indeed, the desired relation obtains as follows 

A^ki = TijkM = “g [Rijklfi) + Rikjl{ 0)(—l) efce J'] , (18) 

where the antisymmetry © of the curvature tensor were used. 

Taking into account m and © it follows the relation between the second order affine extension 
of symplectic structure and the symplectic curvature tensor. Indeed, using the Jacobi identity © , we 
obtain 


^ij.kl (d) Aijkl Ajikl{ 1) ! J 


1 

3 


iWOX-l)^^^ 


(19) 


Symmetry properties of R k nj( 0) and uJij yk i( 0) are in accordance with this relation. 

Having representation of the first order affine extension of the Christoffel symbols, Aijki, hi terms 
of the curvature tensor, Rijki, the relation (1TU1) can be considered as consequence of the Jacobi identity 
© or of the antisymmetry property of Rijki with respect to two last indices ©. 

Differentiating both sides of © w.r.t. y m , taking the limit y —> 0 and observing that, because of 
T ijk (0) = 0, the first extension of the symplectic structure vanishes,01^(0) = 0, we have 

Rijki,m( 0) = -Aijklm + Aijik m (-lY l€k ■ (20) 

That relation will be used to eliminate within the relation m all the extensions of the Christoffel 
symbols in favor of Aijkim and to obtain the following representation of the second order affine extension 
of Tijk in terms of first order derivatives of the curvature tensor 


A 


ijklm 


2Rijkl,m(0) + Rijkm,l(Q){— l) €rnei + Rikjl,m{0){-l) ejek 
+Rikjm,l(0)(-l) e ^ k+emei + Riljm,k{0)(-iy^ l+ek(£m+ei) 


( 21 ) 


It is easy to check that the representation for A^kim (1211) is accordingly with the relation © due to 
the antisymmetry property of the curvature tensor Rijki¬ 
ln turn from m we have 


^ik,jlmiy ) Aikjlm Akijlmi. 1 ) * k i 


and therefore we get 


1 r 


u>i jt kim( o) = -- [Rikji^m-iy^+Ri^m-iy* ek+emei + Riijm,km-^ ejei+ek{ei+ern) (22) 
- Rjku,m{o){-iy iiek+ej) - Rjkim,i(o)(-iy™ ei+ei ^ +ek) - Rjiim,k{yy-iy k{ern+ei)+ei{ej+ti) 


as the representation of the third order affine extensions of uiij in terms of the first order affine extension 
of the symplectic curvature tensor. 






Having the representation El we can consider the consequences which follow from the symmetry 
properties of uj ikjj i m , 


^ikjlm 1) 1 J 

and obtain the following identities for the first affine extension of the curvature tensor 

- Rmiji^rn-iy k{ei+ej) 

+ RmkjU 0)(-ir^ +£ *+ ei) - Rmlikjm- l Y l{ - ei+tj+ek) = (23) 

Note that the identity El cannot be considered as relation containing a cyclic permutation of four 
indices of the first order extension of the curvature tensor. 

5 Third order relations 

Beginning with the third order relations we meet a new feature concerning representation of affine 
extensions of the curvature tensor and the symplectic structure in terms of affine extensions of the 
Christoffel symbols. This feature is connected with nonlinear dependence in contrast with relations 
of the first and second orders. Indeed, from © it can be derived the following representation for the 
second order extension of the curvature tensor 

Rijkl,mn(fy Aijklmn T Aijlkmni 1) k 1 T Nijklmm (24) 

where 

Nijklmn = Tijklmn + T ljklnm {-1)^ - T ijlkmn {- l) £ * e ‘ - T ijlknm (- l) £ * £ *+ £ » £ ™ (25) 


^ ijklmn 


= A 


sikm-A ji n 


(- 1 ) 


(e s -\- 6 j )+e m (ei -\-ej +e s ) 


(26) 


is quadratic in the first order extension of the Christoffel symbols. In El we used the notation 


A\ ikl = ^A pjkl (-lyp+^P+v) = -i[i? iW (0) + R'^m-iy^}. 


From El it follows the following symmetry properties 


Trjklmn 


= T, 


ilkjmn\ 


— \^ e l ( e fc + e 3)+ e i e k 


T--UI — Tu -1 I—Il e fc( £ <+ e j )+ e < £ 3 
± ijklmn — ± kjilmn\ / ? 

'T ii — _ a ( _i\€i€j+€fcei+e m^-n 

± ijklmn — ± jilknmy ^) 

Taking into account the symmetry properties of Aijki mn it follows from (fTP) 

A-ijklmn( 1) k 1 Rijkl,mn(fi) ~f~ A-ijki rnn Nijklmn ? 

A-ijmkln( 1) k Rijkm,ln(_fy Aijhmln -^ijkmln 

Rijkm,ln(fi) 1) 1 ^ijkmln > 

A-ijnklm( 1) k Rijkn,lmify Aijk n i m Nijknlm 

Rijkn,lm( 0) T ^ij>7cZmn( 1) 1 771 n -A Tijknlmi 

A-ikljmn( 1) 1 ^ = Rikjl,mn( 0) T -A /ikjlmn = 

Rikjl,mn(fl') "T ( 1) J ^ikjlmm 


(27) 


(28) 

(29) 

(30) 


Aikmjlni- l) em£j ' 
Aiknjlm{~ 1) J 

Ailnjkm{ 1) J 

Ai m njkl( 1) J 


= i? 


'ikjm,ln(, 0) 4” Aikjmln Nikjm.ln — 


= R 


Rikjm,ln(fy 4~ Aijklmni 1) k ^ m 1 ■^ikjmlni 
'ikjn,lm(fy 4~ ^4 ikjnlm Nikjnlm — 

'■ikjn,lm( 0) + Aijklmn(- l) e 7 e k+ e «( e ™+ e 0 - Nikjnlm, 


R . 

iljm,kn(S 1) 4” -4 -iljmkn iljmkn 

Riljm,kn{fy 4“ Aijikmni 1) J k m -^iljmkn = 

R 


ujm,Kn\-/ < -j -■iljmkn 

-iljm.,kn{fy 4“ ( Rijkl,mn 4“ -^ijklmn ^ijklmn){ 1) i k k m Niljmkm 
Riljn,km(fy 4“ -4. Uj n km Niljnkm — 

Riljn,km{ 0) + ^7femn(-l) %ei+efcen+emen “ ^iynfcm = 

Riljn,km{ 0) 4" ( Rijkl,mn 4“ ^ijklmn ~~ ^ijklmn){~ l) e 7 e Z+ e fc ei+e fc erl + em<En _ Nuj n k m , 
Rimjn,kliS -0 4“ -4 -imjnkl Nimjnkl — 

Rimjn,kl(0) 4“ Aij m kni( 1) J m fe imjnkl = 

Riljn,km{fy 4“ (-R ijkl,mn 4“ ijklmn){ 1) J ' m ~*~ * imjnkl• 


Putting them into the identity G3 we obtain 


1(L4 


-ij iklmn 4“ ^>Rijkl,mn + ‘2Rijkm,ln( 1) m ^ + Rikjl,mn( 1) ^ + 

P 7 ( , _1 , \ e n(cm+cz) P, . /_i \eje fc +e n (e m +e z ) . d . (_1 , \ e i e fc+ c m e i , 

J Hjkn,Lm\ *-) i 1 Hkjn 1 lm\ ± ) ' 1L iKjm,ln\ ) i 

P... _ f_1 '\ e j e i+ e /c e l+ e m e /s P... , f_1 \ e z( e fc+ e .?)+ e n( e fc+ e ra) _i_ P. . , _i \eje m +(ej+efc)(e n +e m ) _ 

■ L HLjm,kn\ ± J ~ J Hljn i km\ *-) ~ J Hmjn i kl\ ± J 

3N ljk lmn ~ N ijkmln {-lY m£l - %fcnZm(-l) e4em+£!) ~ N ikjlmn {- l)^ £fc - 

AT-, • , i — l') e j e fc+ e m£! _ AT., • , ( — I ') e jefc+e„(e m +£i) _ 7U- /-i \e ; ,ei+efcei+e m efc _ 

iy ikjmln\ ± ) ±y ikjnimy *-) ±y iljmkny *-) 

N iljn km{-iy i{ek+ej)+en{ek+em) - N ijk mul(-iy i{ern+en) - 4V imjnH (-l) ejem+(e ' +efe)(en+em) = 0. 

Therefore, we have the nonlinear representation of the third order extension of the Christoffel symbols 
in terms of the curvature tensor 

Aijklmn = [3Rijkl,mn 4“ ‘^•^ijkmjni. 1) m 1 4“ Rikjl,mn{ 1) J k 4“ Rijkn,lm{ 1) rn ^ + 

R., • , f_1 i R., . , (_i Wjefe+e m ej , o '\ e j e Z+ e fc e Z+ e ra e fc , 

1 Hkjn,lm\ ± ) * 1L ik]m,ln\ ± ) ~ 1L iLjm,kn\ *-} i 

R.,. , 1—1 '\ e z( e k+ e j)+ e n( e k+ e m) I R. . , ./I Wj e m + (ei+£i!)(en+em) _ 

^Hljriykmy ' 1L imjn,kl\ 

SNijklmn ~ N ijkm i n (-iy™ £l - iV^ Wm (-l) e ”( em+ei) - - 

^•mZn(-l) e3 ' efc+emei - JVikjnlm(-iy j£k+£n(£m+£l) ~ N iljm k n (-iy j£l+£k£l+£m£k ~ 
JViljnkm(-iy i(£k+£j)+£n(£k+£rn) ~ N ijk mnl(-iy i{ern+£n) ~ 

N imj nkl{-iy j£m+iei+£k){en+£m) }- (31) 

Taking into account the relation between affine extensions of the symplectic structure and the Christof¬ 
fel symbols 

^ ij,klmn — Aijklmn Ajiklmni, 1) ' J • 


we derive the following formula for the forth order affine extension of the symplectic structure in terms 
of the curvature tensor 


^ij,klmn 


= [Rikjl,mn(~ l) £j£k ~ Rjkil,mn(-l) ei{ek+ej) + 

P. _1'\Cj€m + (ei+Cfc)(Cn+€m) P. _1 ) + ( e Z +€fc) (e n +e m ) _|_ 

1L imjn,kl\ -v - Lt jmin,kl\ ± J “ 

P. 7 . , / , _1'\ e i e fe+ e n(e m +€/) ^i(efc+ej)+e n (e m +ez) _i_ 

± Hkjn^m\ *-) 1L jkin,Lm\ *-) ' 

P. 7 . , \ e j e fc+e m e z _ d /-j\ei(e fc +ej)+e m €i . 

J Hkjm,ln\ *-) Jl jkim,Ln\ *-) i 

P. 7 . 7 (_1 \ej€i+efc(€2+€ m ) _ P (_] \ei(ei+ej)+efc(ez+e m ) i 

1L iLjm,kn\ ± J 1L jLim,kn\ ± J ' 

P... , /' — I N \ e z( € fc+ e j)+ e n(€fc+e m ) _ d / i\ c i€j+ e z(€fc+ € i)+ € n(€fc+€m) i 

1L iljn,km\ ± J ll jLin,km\ - 1 -) i 

P. . .( _1 \Cj€m + (€j+€fe)(€n+€m) _ P . . , f_1 \€i(em+€j) + (e/+e/ c )(€n+e m ) _ 

1L imjn,kL\ ± J li 'jmin,kl\ *-) 

N ikj lmn(-lT j€k + N jkilmn (-lY iiek+£j) ~ 

Ni kj mln(-l) ejek+emei + N jkimln (-l) e ^ €k+e ^ +emei - 
Ni kj nl m (-lY jek+en{ern+ei) + N jkinlm (-lf^+ej)+e n {e m +ei) _ 

Nu jmk n{-i) ej€l+ek{ei+em) + N jlimkn (-iy^ +e ^+ £ ^ +e ^ - 

7V... , ( _1 Vz( e fc+ e j)+ e n(efc+ e m) _|_ AT... . (_1 \ e i e j+ € l( e k+ e i)+ e n(£k+ e m) _ 

iy iljnkm\ ± J i iy jnnkm\ *-) 

Nimjnkl ( 1) €m ~K € l) ( 6n + €m ) _|_ Njmiiikl ( 1) €i + €m ) “K e Z + € fc) ( e n +€ m ) j 


(32) 


We have already found that symmetry properties of the third order affine extension of symplectic 
structure expressed in terms of the curvature tensor El led to the new identity (El for the curvature 
tensor. A natural question appears: Are there some new identities containing the second order affine 
extension of the curvature tensor as consequences of the representation El and symmetry properties 


^ij,klmn ^ij,lkmn(. 1) fc ( — 0 

of the fourth order affine extension of the symplectic structure? We shall prove that the answer is 
negative. Indeed, using the symmetry properties of Rij k i @and Tijklmn El' El i El we have 


0 — Wij,klmn ^ij,lkmn{ 1) * — Rikjl,mn A Rlikj,mn{ 1) ^ ^ ^ + (33) 

Rkjli,mn{- i y i{ej+ek+tl) + Rjlik,mn{-l) {e ' +£k){£j+ei) \ (- 1 )^ = 

Rikjl + Ru kj (-iy i(£i+£j+£k) + R kj li(-iy i{£j+£k+£l) + Rjlik(~ l) (ei+£fc) fe +ei) l (-1 ) £ i £k . 


J ,mn 


Due to the identity 0 the relations El are satisfied identically and there are no new identities 
containing the second order affine extension of the curvature tensor. 

In similar way it is possible to find relations containing higher order affine extensions of sypmlectic 
structure, the Christoffel symbols and the curvature tensor. 


6 Higher order relations in general coordinates 

Notice, that relations d, C3, Eli Eli Eli El were derived in normal coordinates. It seems to 
be of general interest to find its analog relations in terms of arbitrary local coordinates {x) because 
the Christoffel symbols are not tensors while the r.h.s. of m is a tensor. It means that l.h.s. of m 
should be a tensor Gij k i taking the form j(0) at point p £ M in normal coordinates. In normal 
coordinates covariant derivative has the form of usual partial one, but simple identification of Gij k i 
with covariant derivative r^z is wrong because it does not transform accordingly tensor rules. Indeed, 
under change of coordinates (x) —> (y) the Christoffel symbols T t j k are transformed accordingly the 
rule 


— ( hpgr(^) 


d r x r d r x q 
dy k dyi 


(_1 )«*(£,■+£,) 


H“ C tjpq(x ) 


d?x q \ 

dyidy k ) 


^ rX ( 1 '\( e fc+ e 3')( e i+ e p) 

dy i 1 J 


r ijk{y) 









and, therefore, we have the following transformation law for partial derivative of the Chistoffel symbols 
calculated in normal coordinates (y) via covariant derivative of the Chistoffel symbols computed in 
arbitrary coordinates (x) 


iW») - (W*)-r pst (*)r V M(-i 

y ^+ e fc+ e J'+ e 9+ e ^)+ £ fc( £ J+ £ 9)+( £ fc+ e j)( e i+ £ p) _|_ 

J.P F’ S , , ('ll) ^ rX ^ rX ( 1 \ e l( £ i+ E j+ E k+ £ p+ E: q)+ £ k{ E: j+ E q)+{ E k+£j){ £ i+ E p) I 

+Lpqt{X) dys L kl[V) 8 yi dt { j 


d r x t „ d r x r d r x p 


+ T ptr(.x) QyS r%7(y) dyk Qyi 


^ ( £ t+ £ j+ £ l)( £ r-\-£k)-\-£l{£p-\~£i)~\-£k{£j-\-£t)-\-(£k-\~£j){£i~\~£p) _|_ 


_|_r (r) ^ rX ^ rX r f I (ll) ^ rX ( 1 i £ dgi+£-i+£fe+£p+£g)(£fe+£7)(£p+£j) _i_ 

+pqs[X) dy l dy* jk[U) dt [ ’ 

+T sjk (y)T s il (y)(-lf k+£ ^ £s+£i) + 

rpq f) rpP 

+ "-» (i) ^4w# ( “ 1)E ' <£ ‘ + '’ >+<£ ‘ + ' i)( ' ,+£ ’' ) ’ (34) 

which differs from the transformation rules of tensors on supermanifolds (see fO]). In (1341) notation 
r — r — r r n — r r n (— i'i e '=( £ j+ £ d — r r n t—ii (.e r +e q )(e n +e P ) 
and expression for the matrix of second derivatives 


dlx q d r x q s „„ , , d r x m d r x l 


dyi dy k dy l 


■r l jk { y ) - r q lm ( x y 


dy k dyi 


ytej+ei) 


were used. 

Now, making use of Eq. (EH), and restricting to the point p £ M, i.e., taking y = 0, x = xo, we 
get 

r ijk,l(ty = (^ijk-,l(xo) —Tu n (xo)T j k (x o)( —1) ^ J+ k ^ + ^iq(xo) ^QyjQykQyl ^ ' (^6) 

Due to m and the identity m, the matrix of third derivatives at p obeys the following relation, 

“KM ( gJwdy^ o = ll - ‘ I W- 1 ) ei( “ +t ‘ ) 


+ T iln v n jk {-ip +tk)ei + r ijn r n kl + r iJfcn r n it (-i) efce >] (® 0 ) 
z ijkl - 3 r an r n ik (-i) {ek+€j)ei ] (x Q ) 


(37) 


with the abbreviation 

Zijkl = r ijk; i + Tiji-ki-iy ^ 1 + r ik i.j(-l)^ k+ei)ej (38) 

+2T iln r n jk (-i)^ k+ ^ ei -T ikn Y n -r ijn T n kl 

With the help of (IIT71) we get the following representation for tensor G t jki in arbitrary coordinates (x) 


Gijki (x) 


^ijk;l g Zijkl 


(*)• 


(39) 


Notice that one can express the tensor Gijki in terms partial derivatives of the Christoffel symbols as 
well 


Gijki (x) 


r -lx 

1 ijk,l ijkl 


0) 


(40) 























where 


Xijkl 


r ijk ,i + r ijl>k (-i f kei + T M j(-i)( ek+ei)ei 

+2T njk T n ^{-l^+ejWi+en) _ Y njl r n ik (-1 )( £ i+ £ i)(fi+en)+efcei 
—r n fc;r n ,. ■ (— 1 ) ( £fc+e * )( £i + en+e i ). 


Now we can find relations of the first order m, pi in arbirtary coordinates 


^-'ijk,l ijkl — g [Rijkl T Rikjli. 1) k J ] j 


( 41 ) 


(42) 


LUi 


jt ki ~l(x ijkl - x jikl {-\)^-) = ii? fe% (-i) (£i+ej)(£fc+£ °- 

The difference of X’s in 61 is symmetric w.r.t two last indices because of the property 


(43) 


X, 


ijlk 


X ijkl (-1 ) £fc£i = 3 


-3 


r„ tt r" it (-i) e 


Y n j I T n k (— i)( e 3+ e i)( e *+ e ™) — r nj - fc r ra 7 (—i)( e fe+ e j)( £ i+ e ^)+ e fc e i 

n(£i+*fc)+Sfc(®j+£l) _|_ p /tr n j(_j e ^( e fc+ e j)+ e fc( e i+ e i)+ e i £ J 


(44) 


It is obvious that in general coordinates the identity (El has the form 


RmjikA- l Y Aei+ek) ~ Rmijl-A- l) £fc(ei+e ^ + i2 m fcil;i(-l) £i(ej+£h+e,) ~ ^mnfe;i(-l) £ife+ ^ +£fc) = 0. (45) 


It is important to note that the relation El can be derived from PI written in normal coordinates 
by differentiation w.r.t. y and then putting y = 0. 

By differentiation of El w.r.t. y we obtain the expression for the second order affine extension of 
the Christoffel symbols 


Ti jk ,im(°) = r ijk . M (x 0 ) -r^ ;m (x 0 )r s ifc (x 0 )(-i)^ (£s+ ^ +£fc)+£i( ^ +£ '= ) + 

+r ijs (z 0 )rv m (o) + r isk (x 0 )r s jl:m (o)(-iy^+^ - 
-h^(x 0 )zVm(^o)(-i) £ ' fe+£fc+£s) + 

+r “ m(Xo) (a^w) o + W “ (X0) {dyidykdy'dy™) 0 ' (46) 

Using (61 and identity CEB one can find a closed form of the matrix of forth derivatives at p and 
therefore relations El and El in general coordinates. Here we do not give explicit formulas for 
them restricting ourself by explicit expressions for the matrix of third derivatives and for ui i: j.ki only. 

7 Discussion 

We have considered properties of Fedosov supermanifolds. Using normal coordinates on a superman¬ 
ifold we have found relations up to the third order among the affine extensions of the Christoffel 
symbols and the curvature tensor, the affine extensions of symplectic structure and the curvature 
tensor as well as identities for the curvature tensor. Considering relations of the third order it was 
checked absence of independent identities containing the second order (covariant) derivatives of the 
curvature tensor. It was shown principal role of tensor G t j k l = ^ijk.i ~ 1/3to obtain the relations 
in general local coordinates. In fact the relations 61 should be considered as the fundamental ones 
to derive step by step all higher order relations by covariant differentiation of its right and left sides. 
Notice that the tensor of such kind is not specific for symplectic geometry only and can be introduced 
in both affine and Riemannian geometries too. Indeed, let us introduced the quantity 


f'1 _ ~p2 1 ryi _ ~p2 1 

jkl jk;l 2 ^ jkl jk,l ^ * jkl 


( 47 ) 








where r 1 j k is an afhne connection on a supermanifold and notations 

r + r% 7;fe (-i ) £k£l + 

-r i fcn r" i ,(- 1 ) eiefc -r jn r n kl , 


yl 

Z jkl 

= r W 


+2P, 

1 jkl 

= r W 


G kn Y 

1 jk-,l 

= r W 


r\ n r^ 7 (-i)^ + r l jn r- w , 

i pn _-pz pn 

jn*- kl -*■ kn^ jl 

are used. Then we get representation of the curvature tensor in terms of G l - kl 


(-lf^j + Y i ln V n jk {-iy i ^ +e ^ 


(48) 

(49) 

(50) 


R l jki — ~G l jki + G l j lk (—l) e ‘ £k , (51) 

and of G l - kl in terms of the curvature tensor 

G l jki = jki + R l kji(~ l) ejefc ]> ( 52 ) 


which proves tensor character of G l - kl . In the Riemannian geometry a metric tensor (ji 3 on superman¬ 
ifold M is additionally introduced. This tensor is symmetric 


g ij = g ji (-l ) £ *i, (53) 

and covariant constant 

9ij,k = 9 imT m jk + g jm r m ik (-iy^. (54) 

With the help of gij one can lower the upper index of R‘ j kl to obtain the tensor Rijki 

Rijkl = 9im,R jkli 

obeying the following symmetry properties 

Rjki = -Rjiki{-lY iej , Rijki = Rkiij(-l) {£i+£j)(£k+£l) ■ (55) 

In turn we have 

Gijkl 9imG j k i T'ijk;l T^Zijkl — ^ijk,l ~^^-ijkli ( 56 ) 

where Y, t jk = flWiT”)^, Zjjki = gi m Z m - kl and the expression for Wjfcz formally coinsides with (141(1 . 
From m, <E3t o it follows 

Rijkl = Gijkl T Gijlki 1) 1 k i Gijkl = g [Rijkl T Rikjl{ 1) J fc ] j 9ij,k = ^ijk T T jik{ 1) ' • (57) 

In similar manner used in Section 3 we can introduce normal coordinates on a supermanifold M and 
derive the following relation 

9ijM o) = ~l [Rikjim-iy j{ei+ek) +Rjkum-i) ei£k ] , (58) 

which can be considered as an analog of m in the Riemannian geometry. It is easily to check that 
due to JS1 symmetry properties of gij.kii 0) are in accordance with this relation. In general coordinates 
this relation has the form 

9ij,kl - l [Xijki + X jM {-l) £i£ i] = ~ [Ri kjl (-l) £ ^ £i+£k) + Rjkili-l) £i£k ] ■ (59) 

From (1591) higher order relations can be obtained by covariant differentiations. 


Acknowledgments 

We would like to thank I.L. Buchbinder, B. Geyer, A.P. Nersessian, V.V. Obukhov, K.E. Osetrin, D.V. 
Vassilevich and I.V. Volovich for useful discussions. The work of PLM was supported by Deutsche 
Forschungsgemeinschaft (DFG) grant DFG 436 RUS 113/669/0-2, Russian Foundation for Basic Re¬ 
search (RFBR) grants 03-02-16193 and 04-02-04002, the President grant LSS 1252.2003.2 and INTAS 
grant 03-51-6346. 


References 

[1] F.A. Berezin, Yad. Fiz. 29, 1670 (1979); ibid. 30, 1168 (1979); Introduction to superanalysis, 
Reidel, Dordrecht, 1987. 

[2] B. DeWitt, Supermanifolds (Cambridge University Press, Cambridge, 1984). 

[3] B.V. Fedosov, J. Biff. Geom. 40, 213 (1994); Deformation Quantization and Index Theory 
(Akademie Verlag, Berlin, 1996). 

[4] I. Gelfand, V. Retakh and M. Shubin, Advan. Math. 136, 104 (1998); dg-ga/9707024. 

[5] I.A. Batalin and G.A. Vilkovisky, Phys. Lett. B102, 27 (1981); Phys. Rev. D28, 2567 (1983). 

[6] E. Witten, Mod. Phys. Lett. A5 (1990) 487. 

O.M. Khudaverdian, J. Math. Phys. 32 (1991) 1934. 

[7] M. Bordemann, On the deformation quantization of super-Poisson brackets, q-alg/9605038 

[8] M. Bordemann, H-Ch. Herbig and S. Waldmann, Commun. Math. Phys. 210, 107 (2000). 

[9] I.A. Batalin and I.V. Tyutin, Nucl. Phys. B345, 645 (1990). 

[10] I.A. Batalin and R. Marnelius, Phys. Lett. B350, 44 (1995); I.A. Batalin, R. Marnelius and 
A.M. Semikhatov, Nucl. Phys. B446, 249 (1995). 

[11] B. Geyer, D.M. Gitman and P.M. Lavrov, Mod. Phys. Lett. A14, 661 (1999); Theor. Math. Phys. 
123, 813 (2000) 

[12] B. Geyer and P. Lavrov, Int. J. Mod. Phys. A19, 1639 (2004). 

[13] B. Geyer and P. Lavrov, Int. J. Mod. Phys. A19, 3195 (2004). 

[14] B. Geyer and P. Lavrov, Int. J. Mod. Phys. A20, (2005). 

[15] B.S. DeWitt, Dynamical Theory of Groups and Fields (Gordon and Breach, New York, 1965). 




